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THE TWO-DIMENSIONAL PERIODIC fe-EQUATION ON THE 
DIFFEOMORPHISM GROUP OF THE TORUS 

MARTIN KOHLMANN 
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Cn 1 Abstract. In this paper, the two-dimensional periodic b-cquation is discussed 

under geometric aspects, i.e., as a geodesic flow on the diffcomorphism group 
v^ ' of the torus T = § X §. In the framework of Arnold's 2] famous approach, we 

C J , achieve some well-posedness results for the fe-equation and we perform explicit 

curvature computations for the 2D Camassa-Holm equation, which is obtained 
for b = 2. Finally, we explain the special role of the choice b = 2 by giving a 
rigorous proof that b = 2 is the only case in which the associated geodesic flow 

P^ ' is weakly Riemannian. 
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1. Introduction 
In the present paper, we are concerned with the two-dimensional periodic b- 



equation [34 1 



(JTn ■ (JTfl ' (JU (Jill 

here, ui and U2 are real- valued functions of space coordinates xi,a;2 G M/Z 2± § 
and time i > and A is a linear operator whichs maps the variable u — {ui,U2) 
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The two-dimensional periodic 6-equation on the diffooniorphisin group of the torus 



to the momentum m = {mi, 1112). If U2 = "^2 = and ui does not depend on X2, 
Eq. ([1]) reduces to the one-parameter family 



(2) 

called the 6-equation 
Holm (CH) equation 

(3) 



rrit — —nixU — bUxTii 
llE3,|3i|- Note that Eq. dH) includes the famous C 



amassa- 



Ul -J- OUUx — ^'^x^xx "r ^^xxx ' Utxx 



for 6 = 2 and the Degasperis-Procesi (DP) equation 13l.ll4l.ll8| 

Ut + 4:UUx = SUxUxx + UUxxx + Utxx 

for 6 = 3 with m ~ u — Uxx in both cases. The CH equation is known to describe 
the motion of shallow water waves over a flat bad under the action of gravity in a 
certain regime; the function u{t, x) models the wave's height at time t and position 
a; G §. Although the DP equation has been derived in search of integrable variants 
of CH, it has afterward been related to ideal fluid motion as well. For an extensive 
presentation of the hydrodynamical relevance and integrability issues of CH and 
DP, we refer the reader to iH S [si [sS | . 

The two-dimensional analogs of CH and DP are the denoted as 2D-CH and 
2D-DP and are obtained from ([T|) for the choice 6 = 2 and 6 = 3 respectively, 
with A = diag(l — A, 1 — A). Since the two-dimensional Camassa-Holm equation 
is particularly important for the paper at hand, we now shed some light on its 
physical meaning and the features of its solutions which exhibit typically nonlinear 
phenomena as wave-breaking or peakons. 



First, 2D-CH is related to ideal fluid motion [45| and it can be shown that the 
terms on the right-hand side model convection, stretching and expansion of a fluid 
with velocity u 

(4) 



(mi,W2) and momentum m = (7711,7712), cf. 32, 



77lt 




convection 



1-A 




strctchin 



expansion 



The 2D-CH equation is also known as the Navier-Stokes-a model [J, l55|, since 
its viscous variant is closely related to the two-dimensional Navier-Stokes system. 
Furthermore, the viscous Camassa-Holm equation is an appropriate model for tur- 
bulent channel and pipe flow; see, e.g., la, lD, Isl, l2l| where the authors present two- 
and three-dimensional variations of Eq. (j3]). A derivation of higher-dimensional 
Camassa-Holm equations from the physical point of view can also be found in 
271 l3l| and integrability properties are discussed in [4J| . It is important to remark 
that Eq. ((4]) also possesses an interesting specialization that takes it into a modified 
two-component Camassa-Holm system (MCH2) 29 1 



qt + vqx + 2qv: 



+ pil-dl)-'px = 0, 
Pt + {pv)x = 0, 



where q, v and p depend on time t and the single space variable x. By setting 
xi = X, u = (v, (1 — dx)~^p) and to = (q, p) in Eq. ^, we obtain the MCH2 system 
from the 2D-CH equation; see also [28J. 
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Second, the mathematical theory behind Eq. (j4]) is rich and interesting 30, 



32l . |33[: The 2D-CH can be derived by means of a Lagrangian formulation. Let 
i{u) = ^ J^u-md X he the kinetic energy Lagrangian. The 2D-CH equation is the 
Euler-Lagrange equation obtained from the variational principle 



S / i{u) dt = 

using variations of the form Su = w+w-Vu— w-Vw. Via the Legendre transformation, 
the Hamiltonian formulation of the 2D-CH reads 

rrit = {m,H}, H{m) = {m,u) ~£{u), 

where the duality pairing (•, •) of momentum and velocity is given by integration 



and {•, •} is the so-called ideal fluid Lie-Poisson bracket 49|. Next, the 2D-CH can 
be nicely rewritten in the form 

nit + Cum = 0, 

where C denotes the Lie derivative of the momentum one form density m — mi dx' (8> 
d^x with respect to the velocity vector field u ~ u^d^i. Its iV-peakon solutions are 
given by the measure- valued (that is, density valued) ansatz 

N 



Similarly to the one-dimensional Camassa-Holm equation [10|, |11|, |43|, |5j|, it is 
known that the 2D version ^ is related to a geodesic flow on the diffeomorphism 
group of the torus T = S x §, i.e., Eq. ^ belongs to the so-called EPDiff equations 
23 , |24| . It goes back to Arnold's fundamental observation [2| and the famous work 



15] of Ebin and Marsden that the geometric viewpoint on the one-dimensional CH 
equation is similar to the geometric picture of the rotational motion of a rigid body 
in M.^: In both cases the dynamics is equivalent to geodesic motion on an appropriate 
Lie group with respect to a certain invariant metric or a compatible afflne connection 
respectively. The 2D Camassa-Holm equation Q can also be captured within 
this powerful approach which is explained more detailed in Appendix |B] of the 
present paper. The geometric theory is not only aesthetically appealing but has 
also important applications concerning well-posedness and stability issues; see, e.g., 
[23|,|2J] where the author proves well-posedness of the n-dimensional Camassa-Holm 
equation on compact Riemannian manifolds with certain boundary conditions, and 



[171 125| , |26| , |52| . |53| for an extensive presentation of related material. 

Our paper contains the following new results: We show that Eq. ([T]) re-expresses 
geodesic motion on the diffeomorphism group of T for any choice of the parameter 
b. Our approach will be carried out on a scale of Sobolev spaces whose regularity 
properties are presented very detailed in a novel paper of Inci, Kappeler and Topalov 
[3a |. For b — 2, we will also be able to study geodesies on the Lie group of smooth 
diffeomorphisms of T, associated with Eq. ^. In this context, we derive well- 
posedness in the Sobolev spaces H^{T) for Eq. ([1]) and a general 6 and for Eq. (JH) 
in the smooth category. 
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Theorem 1 (Well-posedness in H'^{T)). Let s > 3 and b eW. There is an open 
neighborhood U C i/* (T) of zero, such that for any uq (z U there is T > and a 
unique solution 

u <E C{[0,T); H'(T)) n C\[0,T); H'~\T)) 

to the two-dimensional b-equation ([1]) satisfying the initial condition u(0) = uq and 
depending continuously on uq, i.e., the mapping 

uo^u, U^ C{[0,T);H''{T))nC\[0,T);H-'-\T)) 

is continuous. 

Theorem 2 (Well-posedness in C°°{T)). Let 6 = 2. There exists an open 
neighborhood U C -ff ^ (T) of zero such that for any uq E U O C°° (T) there exists 
T > and a unique solution u € C°°([0, T), C°°(T)) of Eq. ^ satisfying the initial 
condition u(0) = uq and depending smoothly on uq, i.e., the map 

uo^u, C/nC°°(T)^C°°([0,T);C°°(T)) 

is smooth. 

Next, we aim to give a proof of tlie remarkable property that the geodesic flow 
associated with Eq. ([T|) is (weakly) Riemannian, with respect to a special class 
of inertia operators, if and only if & = 2. Since the i/-part has already been 
established in, e.g., [23|, |24|, and is also recalled in Appendix \X\ for convenience, we 
complement the only j/-part in this paper. In particular, we obtain that there is no 
right-invariant metric belonging to the class under consideration which is associated 
with the 2D-DP equation on the diffeomorphism group of the torus. Note that a 
similar result for the one-dimensional ^-equation has been established in 19|, |4^ . 
Our main theorem in this context is 

Theorem 3. Let b > 2 be an integer and L = diag(l — A, 1 — A). Suppose that 
there is a regular inertia operator A = disig{A,A), A G >CjJ™(C°°(T)), such that the 
2D b-equation 

rrit = —u ■ Vrn — (Vu) m ~ {b — l)m{W ■ u), m — Lm, 

is the Euler equation on Diff°°(T) with respect to the right-invariant metric pj^ 
defined by A. Then b — 2 and A = L. 

With the right-invariant metric on the diffeomorphisms T — > T for 6 = 2, we can 
define a sectional curvature S associated with Eq. (j4]) and we derive a convenient 
formula showing that S can be expressed in terms of the Christoffel operator for 
Eq. (J4]). As an application, we write down a large number of two-dimensional 
spaces on which S is positive. These results are ins pire d by the work done for other 



variants of the Camassa-Holm equation in [171 l52l |53 |. 



Theorem 4. Let R be the curvature tensor on the torus diffeomorphism group 
equipped with the right-invariant metric (•, •) associated with the 2D Camassa-Holm 
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equation. Then the sectional curvature S{u,v) :— {R{u,v)v,u) is given at the 
identity by 

(5) s{u, v) = (r(u, v),r{u, v)) - {r{u, u),r{v, v)) + r{u, v), 

where 

R{u, v) — (Vm ■ li, Vw ■ v) — (Vw • w, Vu • v) + (Vu • u, Vm • v) — (Vw • u, Vw • u) 
+ ([V(Vu • u)] ■v,v) - ([V(Vu • v)] ■v,u) + {[V{Vv ■ u)] ■ v, u) 
- ([V(Vu ■ u)] ■u,v) - {Vv{Vu ■ u), v) - (Vm(Vw • v), u) 
+ (Vu(Vu ■u),u) + {\/u{\7v ■u),v) . 

In particular, S is positive on any of the two-dimensional spaces spanned by the 
canonical basis vectors ei, 62 and 

sin(/cia;)sin(fc2y) \ A:i,fc2eN. 
sin(/cia;) sin(fc2y) / 

Our paper is organized as follows: In Section [5] we first recall some elementary 
facts about the diffeomorphism group of T and some results of [35| . In Section [3] 
we develop the geometric picture for the two-dimensional 6-equation in the H^- 
category and proceed with a proof of the results in Theorem [T] and Theorem [3 
using the geometric theory. Next, we compute the curvature of the diffeomorphism 
group associated with 2D-CH and give a proof of Theorem 21 Section |4] is de- 
voted to the special case 6 = 2 of the two-dimensional 6-equation; here we work 
out the proof of Theorem [3l Finally, in Section [Sj we discuss some open problems 
and further tasks; in particular, we present the so-called ^-variant of the periodic 
two-dimensional 6-equation which has not been discussed in the literature up to 
now. There are two appendices presenting some background information concern- 
ing the geometric picture for the 2D-CH equation and the commonalities in the 
geometric formalism for the rigid body, the one-dimensional CH equation and the 
two-dimensional variant Eq. ^. 

Acknowledgement. The author thanks Helge Glockner (University of Paderborn) 
and his group for asking about the issues discussed in the present paper. A cordial 
thank goes to the anonymous referees for several helpful remarks that improved the 
preliminary version of the paper. 

2. The diffeomorphism group of the torus: Some preliminary facts 

Let S = R/Z and denote by T = S^ the two-dimensional torus, i.e., T consists of 
equivalence classes of pairs of real numbers such that n — [ui, 77-2) and m = (jUi, 7712) 
are equivalent if and only if ni—rui is an integer, for i G {1,2}. It is well known that 
T is a smooth manifold with trivial tangent bundle TT ~ T x R-^ . We will label the 
coordinates in T by x = xi and y = X2. For any differentiable function u — (ui, U2) 
on T we write Vm = (Vui, VM2), where V = {dx,dy) is the nabla operator. Sobolev 
mappings between two smooth manifolds M of order n and N of order d, for 
s > n/2, are defined as follows: A continuous mapping f : M -^ N is an element 
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of H^{M,N) if for any two charts V': ^ ^ C/ C K" and r;: V -> V" C M'' with 
f{U) ^ V, ?/ o / o ^~i : [/ — ^ T^ is an element of the usual Sobolev space H^{U, R''). 
Let H'^iT) = H'^{T,M.'^). Furthermore, we introduce the diffeomorphism groups 

V%T) = {^e Diff^(T); ip G H%T)} , s > 2, 

where Diff_|_(T) denotes the orientation-preserving C^-diffeomorphisms of T; pre- 
cisely, (fi £ Diff_j,(T) if and only ii ip € C^(T;T) is a diffeomorphism and \Vip\ = 
det Vip > 0. Elements of 2?^(T) are referred to as orientation-preserving iJ" dif- 



feomorphisms. It is shown in [35| that 2?*'(T) is open in H^(T) and hence is a 
C°°-Hilbert manifold. Moreover, 23* (T) is a topological group, i.e., the group 
product ((/?, V') '-^ ^ o ip and the inversion map (p i— t- (p~^ are continuous maps 
2?'*(T) X V^T) -> 2?*(T) and P^(T) -> ^'"(T) respectively. For s -^ oo, the groups 
27'*(T) approximate the Lie group 

Diff°°(T) = {(^ e Diff+(T); ifi e C°°(T;T)} = f] V%T), 

s>2 

a C°°-Frechet manifold on which multiplication and inversion are smooth maps. 
Let (fi G 2?*(T) and let 7(i) C V{T) be a C^-curve starting at (p. Then the vector 
7(0) is an element of H^(T) and hence 

the latter space denotes the H^ vector fields on the torus. We further have the 
identification 

ye-D=(T) 

and r^r»^(T)* ~ H^iT) for any (^ G P^(T). Let /^ : 2?*(T) ^ 2?"(T) denote the 
inner automorphism -0 i— ^ ip o ijj o ip^'^ . We let 

Ad^« = (Ad/v)f = [(V^) • v] o ip-\ y{p, v) G V'{T) X i7^(T), 

and 



ad„z; = -j- 
di 



Ad;^(f)U = Vm • V — Vu • u, 



where (/?(i) is a C-'^-curve in X''*(T) starting at id with ip{0) — u and v G iy(T). 
The map ad satisfies the Lie bracket properties and we write 

(6) [u, v] = Vu ■ V — Vv ■ u 

in the following. Let A be some topological isomorphism of H^{T) such that 



{u,v) — / uAvd{x,y) 
Jt 

is a scalar product on iJ*(T). Some easy computations show that the adjoint 

operators Ad* (for the i2-pahing) and ad* (with respect to the scalar product 

(•,•)) are given explicitly by 

Adl,w = {Vipf{wo(p)\Vip\, weH'{T), 
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and 

(7) adlw ^A-^ {{\7uf ■Aw + V{Aw)-u + {V ■u)Aw} , w £ H''{T). 

Finally, let R^,L^: V{T) — > X''*(T), R^: rj ^ -q o xj;^ L^: -q ^ ^ o -q denote the 
right and left translation map on 23" (T) respectively. It is easy to derive that 

(8) {D^R^-i)v^voip~\ {D^L^-i)v = {\7ip)-\, 'iv e T^V'{T) ^ H'(T). 

The formulas ([8|) will be of great importance for the issues of this paper since 
we will consider right-invariant vector fields and metrics on the group 23" (T). In 
case of right invariance, the sign of the commutator bracket (|6]) and the operators 
depending linearly on it will have to be changed. 

3. Geometry and the solutions of the two-dimensional 6-equation 

In this section, we develop the geometric picture for Eq. (HI) by the line of argu- 
ments in 3^ and apply the geometric formalism to obtain well-posedness results 



for the two-dimensional periodic 6-equation and explicit curvature computations. 

3.1. The geometric picture. Let A — diag(l — A, 1 — A). It follows from a 
standard Fourier representation argument that A is a topological isomorphism 
27" (T) — > 22"^^ (T). We can rewrite the two-dimensional 6-equation ([T|) as 

(9) ut = -A-^{u ■ V(Au) + (Vu)'^Au + (6 - l)Au(V • u)}. 
Introducing the quadratic operators 

B{u, v) = -A-^{v ■ V(Am) + (Vw)'^Au + (6 - 1)Am(V • v)} 
and 

(10) r(u, v) = - (Vm ■v + \7vu + B{u, v) + B{v, u)) , 

we find that 

Ut + Vu • u = r(u, u). 
Note that F: 22" (T) x 22" (T) -^ 22" (T) which follows from the identity 
u ■ V{Av) — A(Vw • u) = Vv ■ Au + 2Vwa; • u^ + 2Vwj, • Uy. 
For u G 22" (T), let ip be the solution of the initial value problem 

(pt{t,z) ~ u{t,ip{t,z)), z £T,t > 0, 
(p{0,z) = z, zgT 

in 23"(T) on some time interval [0, T). We will use the short hand notation ipt — uoip 
to emphasize that ipt is the right-invariant vector field on 23" (T) with value u at id; 
equivalently, iy9 is a local flow for the vector field u • V on T. Next, we introduce 
the mapping 

F^: 23"(T) X 22"(T) x 22"(T) ^ 22"(T), {lp,U,V) ^T{U o Lp-^ ,V o Lp-^) o Lp 

which is the right-invariant extension of the map F on the group 23" (T). We will call 
the map F^ the Christoffel operator for the two-dimensional 6-equation. Moreover, 
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the map (p t-^ T^ is smooth which can be shown as explained in Appendix [A] It 
foUows that Eq. ([9|) is equivalent to 

(11) 'Ptt='r^{'Pt,'Pt) 

and it is known that Eq. ()11[) is a geodesic equation for the Lagrangian variable 
(fi € V (T) corresponding to the smooth afSne connection V on V (T) given by 

(12) VxY ^ DY -X ~r{X,Y), 



for any pair of smooth vector fields X, Y on I?''(T), [46|. We will call the Lagrangian 
variable ip the geodesic flow for the two-dimensional 6-equation in the following and 
Eq. (fTTj) is referred to as the associated geodesic equation in local coordinates. 

For b = 2, the geometric picture is slightly more involved: Here, the connection 
V is Riemannian in the sense that it is compatible with the metric 



{u,v) = / uAvd{x,y), u,veH''{T) 

which is extended by right-invariance 

(13) {X,Y)^ = {X{p)op-\Y{p)op-^), p&V\T), 

for any pair X^Y of smooth vector fields on ViT). Moreover, we have that 
B{u,v) = — ad*M with ad* as in ([7]). In [23j, we find the following statements. 
Some more details and a proof using the notation of the present paper are provided 
for the convenience of the reader in Appendix El 

Proposition 5. Fix b — 2. Let P'*(T) for s > 3 be the diffeomorphism group of 
the torus, X(P''(T)) the space of smooth vector fields on 2?''(T) and let V and (■, ■) 
be as in (1121) and (11311. Then: 



(1) V: X{V(T)) X ^(^"(T)) -^ X{V{T)) is a smooth torsion-free afflne con- 
nection on ViT), i.e., 

(i) WfX+gYZ = fVxZ + gVyZ, 
(ii) Vx{Y + Z) = VxY + VxZ, 
(iii) Vx{fY) = fVxY + X{f)Y, 
(iv) VxY-VyX^[X,Y], 

for allX,Y,Z e X{D%T)) and all f,g e C°°{V'{T);R), and the map p ^ 
{if, {VxY)itp)), X>^(T) -> TV'iT) IS smooth for any X,Y e X{V%T)). 

(2) The right-invariant inner product (•, •) : X{'D''(T)) x X(P'*(T)) -^ M is a 
weak Riemannian metric on ©"(T). 

(3) The connection V and the metric (•, •) are compatible in the sense that 

X {Y, Z) = {VxY, Z) + {VxZ, Y) , VX, y, Z e X{V'{T)). 

Remark 6. The metric (■, ■) is only a weak Riemannian metric in the sense that the 
natural topology on any T^V^iT) ~ H'^iT) is stronger than the topology induced 



'V'' 



by (•,•); see [15[ for more details. 
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3.2. Well-posedness. Since the periodic two-dimensional 6-equation has a smooth 
geodesic spray, we immediately obtain well-posedness for the geodesic equation (|11|) 
ini7^ 



Proposition 7. Let T be the Christoffel map defined in (jlOp . There is an open 
neighborhood U C i?'*(T) containing zero, for s > 3, such that for any uq (^ U the 
initial value problem 

^{0) = id 

for the geodesic flow corresponding to the two-dimensional b-equation on V'^IT) has 
a unique solution Lp £ C°°([0, T); 25'*(T)), for some T > 0, which depends smoothly 
on time and the initial value, i.e., the local flow (t,Wo) '-^ Vy [Oi^) 'xU ^ I?^(T) is 
.smooth. 

Since ^^(T) is a topological group, we may set u = ipfO if~^ to obtain a solution 
of ll]) with the regularity properties specified in Theorem [TJ To obtain a proof of 
Theorem [51 we show that the geodesic flow preserves its spatial regularity as we 
increase the regularity of the initial data, for 6 = 2. 

Proposition 8. Let b — 2 and let T be the Christoffel map defined in (|10p . There 
is an open neighborhood U4 C iJ^(T) containing zero such that for any uq G C/4 fl 
C°°(T), the initial value problem 

ft{0) = uo, 
^(0) = id 

for the geodesic flow corresponding to the two-dimensional Camassa-Holm equation 
has a unique solution if € C°°([0, T); DifF°°(T)), for some T > 0, which depends 
smoothly on time and the initial value, i.e., the local flow (t, uo) '^ y^, [0,r) x C/4 n 
C°°(T) -^ Diff°°(T) IS .smooth. 

Proof Let $: [0,r4) x C/4 -^ V^iT), $(i,Mo) = f, be the local flow for the 2D-CH 
equation on 2?'^(T), obtained in Proposition[7l Pick uq € t/4nC°°(T) and let [0, Tg) 
denote the interval of existence for the associated flow $(i, uq) in T>'^{T), for s > 4. 



By uniqueness, we know that T^ < T4 and it follows from Theorem 12.1 in 15| that 
Ts < T4 is not possible. Finally, an application of Lemma 3.10 in [16| achieves the 
proof. D 

Theorem [2] is an immediate consequence of the above proposition and the fact 
that the torus diffeomorphism group is a Lie group in the smooth category. 

3.3. The curvature tensor of X'^(T) associated virith the 2D Camassa-Holm 
equation. The existence of a smooth connection V on a Banach manifold M im- 
mediately implies the existence of a smooth curvature tensor R deflned by 

R{X, Y)Z = VxVyZ ~ VyVxZ - V^x,y\Z, 
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where X, Y, Z are smooth vector fields on M, of. [46|. In the case of Eq. (j4]), since 
there exists a metric (•, •), we can also define an (unnormalized) sectional curvature 
S'by 

S{X,Y) ;= {R{X,Y)Y,X). 

In this section, we will derive a convenient formula for S and use it to determine 

large subspaces of positive curvature for the 2-dimensional Camassa-Holm equation. 

Curvature computations have a long tradition in the geometric theory of partial 

differential equations, see, e.g., 22,l50|, and two-dimensional subspaces on which the 



sectional curvature S is positive are of particular interest since the positivity of S is 
related to stability properties of the geodesic flow, cf . [3] . Large subspaces of positive 
curvature for the one-dimensional Camassa-Holm equation and its supersymmetric 
extension have been found in 17|,l52,l53j by evaluating S on trigonometric functions. 
Here we extend this discussion for the 2D Camassa-Holm equation. 

Proof of Theorem^ Let U,V,W ^ TipDiS°"(T) be three tangent vectors at a point 
ip £ Diff°°(T). The curvature tensor R is given locally by 

R^{U, V)W = DiT^iW, U)V - DiT^iW, V)U 

+ T^{T^{W, V), U) - T^{T^{W, U),V) 



where F is the 2D-CH Christoffel map defined in ([T0|) and Di denotes differentiation 
with respect to ip: 

_d_ 
de 



DiT^iW,U)V 



r, 



V+eV 



{W,U). 



£ = 



By right invariance. 



Rip{X,Y)Zoip ^ ~ Ri^{u,v)w, 

where u — X{ip) o tp^^, v = Y(ip) o ip^^ and w = Z{ip) o (p^^, it suffices to discuss 
the curvature tensor at the identity. To simplify our notation, we will omit the 
index id of the geometric objects under discussion in the following. First, we note 
that 

DiT{w, u)v — — F(Vu' • u, u) — F(Vw ■ v,w) + VF(w;, u) ■ v. 
Thus, 

s{u,v) = {r{r{v, v),u),u) - {r(r{v, u),v),u) 

(16) + (VF(w, u) ■v,u) - (Vr(t;, v) ■ u, u) 

+ (-r(Vu ■v,u)- F(Vm ■v,v) + 2F(Vu • u, v), u) . 

A lengthy but tedious computation similar to the calculation in the proof of Propo- 
sition 5.1 in 



(17) 



ITJ I shows that Eq. (|16p becomes 

s{u,v) = {r{u,v),r{u,v)) - {r{u,u),r{v,v)) 

+ (Vw • u, T{v, v)) — (Vm • V, T{v, u)) 

+ (-F(Vw ■v,u) - F(Vu ■v,v) + 2r(Vw • u, v), u) 
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and by the definition of F, we obtain ([5]) after a further lengthy calculation. This 
proves the first assertion of Theorem H) Let {61,62} be the canonical basis of R^, 
let ki,k2 e 27rN and let 

sin(fcia:) sin(fc2j/) 
sin(fcia;) sin(fc2i/) 

In the following, we will make use of the identity 

, ,,-,., , ,^ , sinfofx) cos(/??/) 
(1 - A)-i sm{ax) cos{/3y) = ^ ^ a^ + /j2 

and the trigonometric formulas 

cos^(Q;a;)dx = / sin^ (ax) da; — —, / cos(Q:a;) sin(/3x) da; = 0, Va,/3 G 27rN. 
Js 2 7s 

We claim that S{ei,v) > for i = 1, 2. First we observe that for general w G C°°(T), 
we have that R{ei, w) = 0, i = 1, 2; this follows from a straightforward computation 
using integration by parts. Hence 

We leave it to the reader to perform explicitly the easy calculations leading to the 
formulas 



S{ei,v) 



5(62, w) = 



1 2kf + k? 



2 



81 + kl + k^' 
8l + k1 + kl 



^2 

It follows that, for any fci,/c2 G 27rN, S* > on the spaces span{6j,w}, i = 1,2. 
Altogether, we have completed the proof of Theorem |4l D 

Remark 9. The curvature formula presented in '17] is formally identical to Eq. ([5]) 
with i? = 0; simply the metric and the Christoffel operator have to be exchanged 
by their ID two-component analogs. It is not known to the author whether R = 
in ([S]), but it seems to be impossible to handle the large number of terms in a 
calculation by hand; it is rather worthwhile using computer software to simplify 
the terms in R[u,v), but this will not be part of this analytical paper. Observe 
that identities of type S{u,v) = (F(w, u),F(u, w)) — {T{u,u),T{v,v)) do not follow 
from the general theory of right-invariant metrics on Banach manifolds; the example 
of a modified Hunter-Saxton equation in [39| shows that the unnormalized sectional 
curvature S for this equation contains an additional nontrivial term. 

4. The special role of the case 6 = 2 

We have shown that the 2D 6-equation re-expresses a geodesic flow on the group 
2?'*(T) for s > 3 and any b. That, for fe = 2, this geodesic flow is compatible with 
the right-invariant two-dimensional H^ metric is recalled in AppendixlX] However, 
such a correspondence with a Riemannian structure works only if 6 = 2. This subtle 
result is given rigorous evidence in Theorem [3] and we will now perform the proof. 
In accordance with the results of 19|, |42 j we are working with the ^-equation on the 
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Frechet-Lie group of smooth orientation-preserving diffeomorphisms of the torus. 

Proof of TheoremlB We assume that, for a given b > 2 and A e jC'^'^ {C°° {T)) , 
the 2D 6-equation is the Euler equation on the torus diffeomorphism group with 
respect to pA, i-e., 

ut = -A^^{u ■ V(Aii) + (Vm)^Aw + Aii(V ■ u)}. 

The 2D 6-equation reads 

{Lu)t = -u ■ V(Lw) - (Vii)^(LM) - (6 - l)(Lu)(V • u). 

Using that {hu)t = Lwf and resolving both equations with respect to Ut we get that 

A"^ {w V(Aw) + (Vu)^Au + Au(V -u)} = 
(18) L"i {u ■ V(Lu) + (Vm)^(Lm) + {b- 1)(Lm)(V ■ u)} . 

We now conclude that span{l}, 1 = ei + 62, is an invariant subspace of A. We let 
Al — X and have Al = Al. Evaluating Eq. ([T8|) for ei and 62 shows that VA = 0. 
The structure of (|18p suggests that we have the freedom to scale the operator A so 
that we can assume that 1 is a fixed point for A. We next replace m by u + crl in 
(flS]) and divide (|18l) by cr, to obtain for cr ^' 00 that 
(19) 

A-i [{Vuf + V(Au) + (V • u)] 1 = L-i [(Vu)^ + V(Lu) + (6 - 1)(V • u)] 1. 

Let n — {ni,n2) £ (27rZ)^\{(0, 0)}, and write z = {x,y) for the variable on T. 
We will consider the functions w„ — e'"^l in the following for which we have 
Lu„ = (1 + n?)un and 'L.~^Un = (1 + n?)~^Um r? = n{ + n^- Set Vn = Am„. An 
explicit calculation of the left- and right-hand sides of (fT9]) shows that we have the 
identity 

(20) Vvn ■ 1 - ianVn = -i/3„M„ 

where 

f ni{b + 1) + {b - l)n2 , , n2{b + 1) + {b - l)ni \ 

an = diag — — 5 h ni + n2, — — 5 h ni + ^2 , 

\ 1 + n^ \ + w^ J 

Pn = diag (3ni -I- 712, 3^2 + ni) . 

Assume that ni ^ 712 first. Since w„ = ^e'"^l we get that ^e'"^ = (1 + n^)e'"^. 
For rii ~ n2 we see that the function w„ = |(1 -|- n^)e'"^l constitutes a solution 
to pO|) . We insert u„ for m = ri2 7^ into Eq. (fT8l) to get that b — 2. Since 
{e™^; n e (27rZ)2} is a basis for C°°(T), it follows that A = L. This completes the 
proof of the theorem. D 

We immediately obtain the following 

Corollary 10. The geodesic flow for the two-dimensional Degasperis-Procesi equa- 
tion 
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on the diffeomorphism group of the torus is not related to any right-invariant metric 
on Diff°°(T) with inertia operator diag(A, A), A G Cl^"" {C°° (T)) . 

5. Outlook 

It is natural to ask for n-dimensional generalizations of the 6-equation which 
can be obtained by considering higher-order tensor densities and their Lie deriva- 
tives respectively. The results presented in Section [3] may easily extend to the 
n-dimensional case, but it is an open problem whether the geodesic flow on the 
n-torus is weakly Riemannian if and only ii b — 2. 

Letting A — diag(/i — A, /i — A), where 



H{u) = / ud{x,y), 

the family ([T]) becomes the two-dimensional /^-6-equation. The special cases h = 
2, 3, for which one obtains the two-dimensional /i-Camassa-Holm and /i-Degasperis- 



Procesi equations are mentioned in an appendix of the paper [48[ . Since there is a 

significant interest in the one-dimensional partially averaged 6-equation (see, e.g., 

16|,|39|,|40|,|48[), it is appealing to study geometric properties of the 2D ^-5-equation. 



This will be part of a companion paper. 

Since we restricted our attention to periodic functions in the present paper, we 
can now ask for a realization of the 6-equation on diffeomorphism groups of non- 
compact manifolds, e.g., on the real axis. However, the group DifF°°(M) of smooth 
and orientation-preserving diffeomorphisms R — > M fails to be regular in the sense 
that not any element of its Lie algebra can be integrated into a one-parameter 
subgroup [5l|. The geometric approach to non-periodic equations of type ^ is 
an open and attractive problem in the geometric analysis community where we 
probably need some deep and new ideas. 

Appendix A. The geometric picture for the 2D Camassa-Holm 

EQUATION 

In this appendix, we provide some supplementary material concerning the geo- 
metric aspects of the 2D-CH equation. First, we give a full proof of Proposition [5l 

Proof of Proposition That V satisfies the properties (i)-(iv) follows immedi- 
ately from our definitions. To prove smoothness, we verify that the map 2?*(T) -^ 
C'^y^{H''{T);H'{T)), ip^-^T^m smooth. For U £ iJ^(T) we write 

G{ip; U) = (^, T^(U, U)) = (^, {Jk-^P{U o ^-1)) o ^), 

where P is a polynomial differential operator. Introducing the maps 

A(^, V) ^{ip,R^oAo R^-iV), P{ip, V) ^{ip,R^oPo R^-iV) 

we see that G — hr^ o P. Moreover A and P are smooth maps, since A and P are 
polynomial differential operators and iP*(T;R) is a Banach algebra for s > 1, [l[. 
It follows from 

nl /^ id 
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that DA(^^,y) : iJ"(T) x iJ"(T) -^ iJ"(T) x H''-'^(T) is a bijective bounded linear 
map for any ((^, V). In view of the open mapping theorem and the inverse mapping 
theorem, A~^ is a smooth map and hence also G is smooth. 

We now turn our attention to the family (•, •) of inner products. To prove that 
(I?''(T), (■,■)) is a Riemannian manifold, it remains to check that the map 

^^Q{^;U,V) = {U,V)^ 

is smooth for any U,V ^ if (T). In view of the change of variables {x,y) = 
ip~^{x,y), this follows immediately from the representation 

2 

Finally, to prove the compatibility of V and (•,•), we first prepare the identity 
"^ Y,i^ + eXiif)) o (if + eX{ip))-^ = [DY.iip) ■ X{if)] o ^-^ - Vw, • 



(^>> ,s 



e=0 



where X, F £ X{V{T)) and u ~ X{if) o ip i, « = Y{ip) o ip ^. Differentiating 
the relation {p + eX{Lp)) o {p + eX{ip))^^ — id with respect to £ at e = 0, we 
get ^\^^^{ip + £X{(p))-^ = -[iy(p)-^X{ip)]o ip-^. Together with V((^~i) = 
(V(^)"^ o (^-1, we obtain dH]). Let Z e XiViJ)) and write w = Z{ip) o 99-1. In 
view of relation (|2T|) . we get that 

(X{Y,Z)){(f) = {[DY(ip)-X{(f)]o(p-^ -Vv-u}Awd{x,y) 

+ / {[DZ{ip)-X{Lp)]oip-'^ -Vwu}kvd{x,y). 

Jt 

On the other hand 

{VxY, Z) = f {[DY{ip) ■ Xi^)] o ^-1 ~ T{u,v)} Awd{x,y) 

Jt 

so that it remains to prove the identity 

(22) / [(Vw • u)Aw + (Vw • u)Av] d(x, y) = [r(u, v)Aw + T{u, w)Av] d{x, y). 
JT Jt 

In view of the definition of F and the fact that the adjoint of Vu with respect to 
the L2 inner product is (Vu)'^, the right hand side of Eq. (|22p equals 

^o / {[(^ ' '^)M -w+liv ■ V)Au] • w + [(Vu)^Am] ■ w + (V ■ u)(A-u) ■ w 
+ (V • u){Av) ■ -u; - [A(Vw • u)] • w + (u ■ V)(Aw) ■!; + («;• V)(Aw) • v 
(23) +[(Vw)^Am] • ■(; + (V • w){Au) • u + (V • u)(Au;) • u - [A(Vu; • u)] ■ v} d(a;, y). 

Using the identity 

{{u ■ V)Au + (Au)(V • u)}w d{x, y) = - Av{u ■ \7)w d{x, y) 

T Jt 
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and (u • V)v — Vw • u we can rewrite (pSj) as 
1 



{2(Vu • u)Aw + 2(Vw; • u)Av + {Vw ■ v)Au ~ (Vv)^ Au ■ w 
2 Jt 

(24) +(Vu • w)Au - (Vw)^Am • v} d{x, y). 

Simplifying these terms it follows that the expression (f24|) reduces to 

{(Vw • u)Aw + (Vw • u)Av} d(x, y) 



T 

and this is the left hand side of Eq. (|22|) . Altogether, this completes the proof of 
the proposition. D 

Note that, as on general Banach manifolds, the geodesic flow ip{t\ uq) defines an 
exponential map exp;^(g-|(uo) — vI^iUq). We now explain briefly that the geodesic 
flow is indeed length minimizing in the sense that it minimizes the functional 

In fact, the arguments are just a repetition of the general approach for Riemannian 
metrics on Banach manifolds, cf. [461, and they have been worked out by Lenells 
[47| for the ID Camassa-Holm equation. Exchanging S with T, we can proceed as 
in [47| to derive the following theorems. 

Theorem 11 (Existence of normal neighborhoods). Let (po G ©"(T). Given 
an open neighborhood V = Wq x i3e(0) of [ipa, 0) G T'D''{T), there is an open neigh- 
borhood W C Z//o of ifo in V^ (T) such that any two points ifjip £ W can by joined 
by a unique geodesic lying inUo, and such that for any if G W, the exponential map 
exp^ maps the open set in T^I?*(T) represented by {ip, 3^(0)) diffeom.orphically onto 
an open set h{{ip) containing W. 

The following theorem is proved by applying the Gauss lemma for the right- 
invariant metric (•,•)(. on 2?'*(T). 

Theorem 12. Let (V,W), V = Uq x i3e(0) constitute a normal neighborhood of 
an element ipo G P*(T). Let a: [0, 1] — > 23" (T) be the unique geodesic joining two 
points ip,Tp ^ W. Then, for any piecewise C^-path 7: [0, 1] — > T>^{T) joining tp and 
Ip, it holds that 

L{a) < L{j). 

If equality holds, then a reparametrization of ^ is equal to a. 

Conversely, it holds globally that any length-minimizing curve is a geodesic. 

Theorem 13. If a: [0,1] — >■ T>^{T) is a piecewise C^-path parametrized by arc- 
length such that L{a) < ^(7) for all paths 7 in X''*(T) joining a(0) and a{l), then 
a is a geodesic. 
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Appendix B. The 2D Camassa-Holm equation as an Euler equation 

In this appendix, we compare the geometric formalism for the 2D-CH to the 
geometric picture of the rigid body and the one-dimensional CH equation, cf. also 



17| where a similar comparison is worked out. 

For a rigid body in R"^ the configuration manifold for rotations around the origin 
is the finite-dimensional Lie group G = 5*0(3) whose Lie algebra g — so (3) consists 
of antisymmetric 3 x 3-matrices. The space so (3) is canonically identified with R'^ 
via the map 

(0 ~X3 X2 

X3 —xi 
-X2 Xi 

We define a map ": M'' — > so(3)* hy {ij,x) = y ■ x — yiXi + y2X2 + 2/32:3 to see 
that so(3)* ~ E^. Let / : so(3) — >■ so(3)* be the inertia matrix of the body. A 
Ze/i(-invariant metric (■, •) on 5*0(3) is defined by setting 

{a,b)^a-Ib, a, 6 G M^ ~ so(3), 

at the identity, and extending it to all of 50(3) by left invariance. The basic obser- 
vation is that R{t) is a geodesic on (50(3), (•, •)) if and only if il{t) = R{t)~^R{t) 
solves the classical Euler equation for the motion of a rotating rigid body, 

(25) m = {m) X ft. 

Physically, Q{t) represents the angular velocity in a frame of reference fixed with 
respect to the body. The angular velocity in the spatially fixed frame is given by 
R{t)R(t)~^. In other words: Applying left and right translations to the material 
angular velocity R{t), one obtains the body and the spatial angular velocities, which 
are both elements of the Lie algebra so (3). The body and spatial angular momenta, 
which are elements of the dual so(3)*, are given by n(t) = in{t) and Tr{t) — 
R{t)Il{t), respectively. The body and spatial quantities are related by the adjoint 
and coadjoint actions 

(26) ujit) - Adfl(t)fi(t) = R{t)Cl{t)R{t)-\ n(t) = Ad^(,)^(t). 

Conservation of (spatial) angular momentum implies that tt is in fact constant in 
time, i.e. 



Finally, the Euler equation (|25|) can be rewritten in the form 

lit = adAn. 



"n 



It is shown in 41| that the geometric approach works also well for the 1-dimensional 
periodic Camassa-Holm equation ^ for which the configuration space is G = 
DifF(S) with multiplication {ip, ijj) h^> ip o iJ;. Elements of the Lie algebra g are 
identified with functions § — > R. A ri^/it-invariant metric is defined by setting 

{u,v)^i = / uAvdx= {uv + UxVx)dx, 
Js, Js 



M. KOHLMANN 17 



where A ~ 1 — d^: g ^ q* is the inertia operator and g* ~ g is a regular part of 
the topological dual space g'. The basic observation is that (p(t) is a geodesic in 
(Diff(S), (•, •)^i) if and only if u{t) = DR^^^tyiipt{t) = ipt{t) o (p{t)-'^ satisfies ©. 
In other words, the CH equation is the Euler equation on (Diff(S), (•, ■) ui)- Letting 
U = DL^-iipt = {u o ip)ip^^, U and u are the analogs of the body and spatial 
angular velocities: they are obtained by left and right translation, respectively, of 
the material velocity (pt to the Lie algebra. The momentum in the spatial frame is 
m = Au. The analog of equation (pS)) is 

u{t) = Ad^(t)C/(t), mo(i) = Ad*(t)TO(i), 

where mo = {m o Lp)Lp'^ is the momentum in the body frame. Since the metric now 



is right-invariant instead of left- invariant, the analog of the conservation law (|27p 
is that the momentum toq in the body frame is conserved, 

d?Tto 2 

——=0, I.e. {mo(p)(p^ ^ma. 

The Camassa-Holm equation ^ in terms of the Eulerian velocity u reads 

ut = — ad*M. 

In the present appendix, we show that the two-dimensional periodic Camassa- 
Holm equation can be described within Arnolds geometric approach. For the 2D- 
CH equation (jj]) the configuration space is the group G = DifF(T) introduced in 
Section [2l The Lie algebra g is identified with the set of functions T — ;> R^ . The 
inertia operator is A = diag(l — A, 1 — A) and the metric is the right-invariant 
metric (•, •) defined in ([T3|) . The basic observation is that ip{t) is a geodesic in 
(Diff(T), (•,•)) if and only if 

satisfies Eq. (j4|) . The analog of the body angular velocity is 

[/ = DL^-i(^t = (V(^)-Vt■ 
The spatial momentum is given by tti = Au. The analog of equation (j26p reads 

u(t)=Ad^(t)C/(t) 

and 

"T-o = Ad*(j)TO(i) = (Vv3)^(m o ip)\Vipl 
where toq is the momentum in the body frame. The analog of the conservation 



law (|27p is that the momentum mo in the body frame is conserved. It is left to 
the reader to perform the explicit calculations showing that the derivative of rriQ is 
indeed zero. Finally, in view of ([7]) and ([S]), we can recast the 2D Camassa-Holm 
equation in terms of the Eulerian variable u as 

Ut = -ad*M. 

Let us summarize our results in the following tabular. 
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Rigid body 


CH 


2D-CH 


configuration space 


50(3) 


Diff'(S) 


Diff(T) 


material velocity 


R 


^t 


^t — i^lt, ^2t) 


spatial velocity 


Cj - RR-^ 


U — (ft ip''^ 


U — Lpt ip^^ 


body velocity 


O- R-^R 


^-^ 


U=(Vv)-^<Pt 


inertia operator 


I 


A = l-dl 


-('-.^ .-a) 


spatial momentum 


n ^ BXl 


m — Au 


m — Au 


body momentum 


n ^ in 


ma = (mo ip)ip^ 


m.a = (Vip)^(m o ip)|V</3 


spatial velocity (Ad) 


Cj — Kdn(l 


u = Ad^U 


u = Ad^U 


body momentum (Ad*) 


n ^ Ad^TT 


mo — Ad* m 


ma = Ad* m 


momentum conservation 


■K — const. 


niQ — const. 


vaa — const. 
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